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Abstract
In this article, we consider the phenomenon of complete coincidence of the key properties of pairs
of Calabi-Yau manifolds realized as hypersurfaces in two different weighted projective spaces. More
precisely, the first manifold in such a pair is realized as a hypersurface in a weighted projective space,
and the second as a hypersurface in the orbifold of another weighted projective space. The two
manifolds in each pair have the same Hodge numbers and special Ka¨hler geometry on the complex
structure moduli space and are associated with the same N = 2 gauge linear sigma model. We give
the explanation of this interesting coincidence using the Batyrev’s correspondence between Calabi-Yau
manifolds and the reflexive polyhedra.
1. Introduction
The set of Calabi-Yau (CY) manifolds that can be used as the classical background for compact-
ification in superstring theory includes the set considered by Berglund-Hubsch (BH list) [1, 2] which
consists of varieties defined in the weighted projective spaces P 4(k1,k2,k3,k4,k5) as the zero locus of quasi-
homogeneous polynomials W (xi) belonging to one of 16 types.
The reason for our interest in the BH list is the observation of complete coincidence of key properties
in some pairs of CY manifolds defined in two different weighted projective spaces from this set.
A similar fact of the coincidence was considered in [3]. In this case two polynomials defining the
CY families in two different weighted projective spaces are connected by a birational transformation.
In our examples, such transformations do not exist. and we explain the fact of coincidence in another
way.
We found two cases of the coincidences. In both cases the first of CY manifolds in a pair is defined
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1
as a hypersurface in a weighted projective space, and the second as an orbifold in another weighted
projective space. In addition to the coincidence of the Hodge numbers, as we have checked, in each of
these two cases both CY manifolds have the same special Ka¨hler geometry on the spaces of complex
modules. Also we check the mirror version of the JKLMR-conjecture [4] about the relationship between
the Ka¨hler potential on moduli space of CY manifold and the corresponding partition function ofN = 2
GLSM [5] for both cases.
The coincidence of GLSM models, which correspond to two CY’s in each of the two pairs, shows
that the mirror partners of each of these CY manifolds also coincide.
In section 2 of this paper, we recall the method for computing the Ka¨hler potential on the of
complex structure moduli space developed in [6–8]. In section 3 we apply this method to compute
Ka¨hler potentials for each CY manifold in both pairs and find the coincidence mentioned above. In
section 4 we recall the method for building the GLSM models that corresponds to CY manifold [9,10].
Using this method we find GLSMs, and they turn out to be the same for both CYs in each pair.
Finally, in section 5 we give an explanation of the matches found in previous sections. For this, we use
the correspondence proposed by Batyrev between the CY families and reflexive polyhedra [11]. We
build Batyrev polyhedra for each CY family following to the approach of [9] and see that the polyhedra
in each pair are the same.
2. How to compute geometry on the complex structure
moduli space
In this section we remind the technique of the computation [6–8] of Ka¨hler potential of the complex
structure moduli space of Calabi-Yau manifolds X defined as hypersurfaces in weighted projective
spaces and their orbifolds. This technique is based on the deep connection, found in [12], between the
cohomology ring of CY manifold defined as the zero-locus of a polynomial W (x) of degree d =
5∑
i=1
ki
and the chiral ring RQ defined by the same polynomial W (x).
As it is known [19, 20] on every CY manifold there exists one non-vanishing holomorphic (3, 0)
-form Ω. The Ka¨hler potential on the complex structure moduli space is defined as
e−K
X
c =
∫
X
Ω ∧ Ω¯. (1)
We consider CY manifolds X that can be defined as hypersurfaces in the weighted projective spaces
P 4(k1,...,k5) = {(x1 : · · · , x5) | (x1 : · · · , x5) ≃ (λ
k1x1 : · · · , λ
k5x5)}. (2)
These hypersurfaces are the zero locus of a sum of one of the transverse polynomials BH W0 and
h(= dimH2,1) monomials, that correspond to the deformations of the complex structure of X
W (x) =W0(x) +
h∑
s=1
φses = 0,
W (λkixi) = λ
dW (xi), d =
5∑
i=1
ki.
(3)
The holomorphic (3, 0)-form in this case can be explicitly written in terms of projective coordinates
on P 4k1,··· ,k5 as
Ω =
x5dx1 ∧ dx2 ∧ dx3
∂W (x)/∂x4
. (4)
Here the form Ω is restricted on the zero-locus of W .
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Let qa be some basis in the middle homology group H3(X,R), then the Ka¨hler potential can be
rewritten in terms of periods ωa over the cycles qa and their intersection matrix Cab = qa ∩ qb
e−Kc(X) = ωa(φ)Cab ωb(φ),
ωa(φ) :=
∫
qa
Ω.
(5)
Now we consider the chiral ring RQ, a subring of the Milnor ring R associated with the polynomial
W0
R =
C[x1, ..., x5]
〈∂W0(x)/∂xi〉
. (6)
The chiral ring RQ consists of those elements P (xi) of the Milnor ring R that are invariant under
action of the group of the "quantum symmetry" Q = Zd
P (ωkixi) = W (xi), ω
d = 1. (7)
The ring RQ has a grading. It can be decomposed in a direct sum of four components which consist
of polynomials of degree 0, d, 2d and 3d with respect to the weights of the projective coordinates xi.
This grading corresponds to the Hodge structure on X:
RQ = (RQ)0 ⊕ (RQ)1 ⊕ (RQ)2 ⊕ (RQ)3
H3 = H3,0 ⊕H2,1 ⊕H1,2 ⊕H0,3.
(8)
Let the set of monomials eµ be the basis in the chiral ring R
Q and ηµν is the invariant pairing in
it defined as
ηµν = Res
eµeνd
5x
5∏
i=1
∂W0/∂xi
. (9)
The next step is to introduce two differentials
D± = d± dW0∧ (10)
and to define two corresponding to them cohomology groups H5D± . The groups H
5
D±
are isomorphic
to RQ and the set of 5-forms eµd
5x can be chosen as the basis in each of them.
We also define two relative homology groups H5(C
5, ReW0 → ±∞) dual to H
5
D±
relative to the
pairing
〈eµd
5x,Q±a 〉 =
∫
Q±a
eµe
∓W0(x)d5x
(11)
Here the cycles Q±a belong to the homology groups H5(C
5, ReW0 → ±∞) with real coefficients and
determine the bases in them.
The key fact for the approach of [6] is that the groups H5,D± and H3(X) are isomorphic. This
isomorphism is established by the following requirement: the cycle qa ∈ H3(X,R) is in one to one
correspondence to the cycle Qa ∈ H5(C
5, ReW0 → ±∞) iff∫
qa
Ω =
∫
Q±a
e∓W (x)d5x. (12)
It follows that the intersection matrices in these two different homology groups coincide
Cab = qa ∩ qb = Q
+
a ∩Q
−
b . (13)
Also we emphasize that Q+a ∩Q
+
b = Q
−
a ∩Q
−
b = 0.
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Below we use the important assertion established in [13] about the connection between the inter-
section matrix Cab and the pairing ηµν in the chiral ring R
Q
ηµν = 〈eµ, eν〉 =
∫
Q+a
eµe
−W0d5xCab
∫
Q−
b
eνe
W0d5x. (14)
Introducing the matrix T±
T±aµ :=
∫
Q±a
eµe
∓W0d5xa,
(15)
we can rewrite this relation as
ηµν = T
+
aµCabT
−
bν . (16)
Expressing from this relation the intersection matrix Cab in terms the pairing ηµν we can rewrite the
formula for the Ka¨hler potential
e−Kc(X) = ωa(φ)Cab ωb(φ), (17)
as follows
e−Kc(X) = σ+µ ηµλMλνσ
−
ν (18)
where M := T−1T and σ±µ := T
−1
µa ωa and
ωa(φ) :=
∫
qa
Ω =
∫
Q±a
e∓W (x)d5x.
The resulting formula for Ka¨hler potential is very useful for the computation.
Firstly, instead of the unknown intersection matrix Cab, it uses the pairing in the chiral ring R
Q,
which can be easily calculated.
Secondly, if we introduce a convenient basis cycles Γ±µ in the relative homology groups
H5(C
5, ReW0 → ±∞) dual to the chosen basis in H
5
D±
as∫
Γ±µ
eνe
∓W0d5x = δµ,ν , (19)
then we can easily check that the matrix Taµ, which is a transition matrix from a real basis Qa to the
complex basis Γµ, connects the periods as follows
ωa = T
±
aµσ
±
µ . (20)
and that the matrix M := T−1T does not depend on the choice of the real basis Qa. Indeed, if another
basis {Q˜a} = SabQb, where S is a real matrix, is chosen, then T˜aµ = SabTbµ and the new matrix
M˜ = T˜−1 ¯˜T = T−1S−1S¯T¯ = T−1T¯ = M
.
This allows us to choose a real basis Qa in such a way that the matrices T
± are easily computable.
The example of such a choice are the Lefschetz thimbles [8].
Thirdly, we find that the periods σ±µ =
∫
Γ±µ
e∓W (x)d5x defined as the integrals over the cycles Γ±µ ,
can be efficiently computed. Namely, the integrals for periods σµ =
∫
Γ±µ
e∓W (x)d5x can be computed
by decomposing the exponent by parameters φa
σ±µ =
∫
Γ±µ
e∓W (x)d5x =
∞∑
m1,...mh2,1=1
C±{µ|m1,··· ,mh}
h2,1∏
s=1
φmss
ms!
,
C±{µ|m1,··· ,mh} =
∫
Γ±µ
e∓W0(x)
h2,1∏
s=1
emss d
5x.
(21)
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Each term
∫
Γ±µ
e∓W0(x)
h2,1∏
s=1
emss d
5x in this formula depends only on the H5D± cohomology class of the
monomial. Therefore it can be simplified using the relation
Pd5x = P ′d5x+D±Ψ, (22)
where Ψ is a suitable 4-form. Due to the relation
∫
Γ±µ
e∓W0(x)Pd5x =
∫
Γ±µ
e∓W0(x)P ′d5x the degree of the
monomial P can be reduced. Repeating this procedure, we obtain explicit expression for the periods
σµ.
3. Coincidence of the special geometry on the moduli spaces
of pairs of CY families
In this section, we consider two pairs of Calabi-Yau manifolds. In each of these pairs there are two
differently defined manifolds, however, the Ka¨hler potentials on their complex structure moduli spaces
coincide, as it follows from their comparison.
3.1. The first pair of Calabi-Yau manifolds
Here we consider two Calabi-Yau families. We call them 1a and 1b. They are defined by different
types of BH polynomials in different projective spaces. But as we show the explicit computation of
the special Ka¨hler geometry gives the same result in both cases.
The case 1a. This Calabi-Yau family X in this case is defined as a hypersurface in P 423,55,28,53,34
by the equation
W0 + φ1e1 + φ2e2 = 0
W0 = x
6
1x2 + x
3
2x3 + x
5
3x4 + x
3
4x5 + x
5
5x1.
(23)
The basis in the chiral ring RQ is given by six monomials
e0 = 1, e1 = x1x2x3x4x5, e2 = x
3
1x
2
3x
2
5, e3 = e
2
2, e4 = e2e3, e5 = e
2
2e3. (24)
The Hodge numbers of X are h2,1 = 2, h1,1 = 95. The e1 and e2 define the complete set of deformations
of the complex structure.
Following the approach, presented in the section 2, we simplify the expression for the periods (21).
For this, we use the fact that two 5-forms P1d
5x and P2d
5x belong to the same cohomology class,
P1d
5x ∼ P2d
5x, if P1d
5x− P2d
5x = D±Ψ.
After some calculations we obtain the five equivalence relations
5∏
j=1
x
aj
j d
5x ∼ (1−Bij(aj + 1))
5∏
j=1
x
aj−Mij
j d
5x, i = 1, ..., 5, (25)
where W0 :=
5∑
i=1
5∏
j=1
x
Mij
i and Bij := (M)
−1
ij . Then each monomial in (21) can be replaced by another
using these five relations:
en1 e
m
2 d
5x ∼ −
1
7
(n+ 3m− 6)en−11 e
m−2
2 d
5x,
en1 e
m
2 d
5x ∼
1
7
(2n−m− 5)en−31 e
m+1
2 d
5x.
(26)
5
Applying these two formulas step by step each monomial in (21) can be reduced to one of six monomials
from the chiral ring according to the following relation:
en1e
m
2 d
5x ∼(−1)m
Γ3(n+3m+17 )
Γ3(µ7 )
Γ2(2n−m+27 )
Γ2(ν7 )
eµd
5x,
µ =n+ 3m− 6(mod 7), 1 6 µ 6 6,
ν =2µ(mod 7), 1 6 ν 6 6.
(27)
Then taking into account the definition of the cycles Γ±µ we obtain the following result for the periods
over these cycles
σµ(φ1, φ2) =
∫
Γµ
e−W (x)(x)d5x =
∑
n,m
∫
Γµ
e−W0(x)en1e
m
2
φn1φ
m
2
n!m!
d5x =
=
∑
n,m∈Σµ
(−1)m
Γ3(n+3m+17 )
Γ3(µ7 )
Γ2(2n−m+27 )
Γ2(ν7 )
φn1φ
m
2
n!m!
,
(28)
where
Σµ = {n,m ∈ N0|n+ 3m− 6 = µ(mod7), 0 6 µ 6 6}, ν = ν(µ) = 2µ(mod7), 0 6 ν 6 6. (29)
In order to find the Ka¨hler potential it is still necessary to know the transition matrix T±aµ from
the cycles Γ±µ to some real cycles Q
±
a .
Before computing Taµ it is convenient to change the variables as
xi =
5∏
j=1
y
7Bij
j ,
such that in the new variables yi
W0(x(y)) =
5∑
i=1
y7i . (30)
Now we have a Fermat polynomial and it is possible to choose a basis of real cycles as described in [8],
where the special Lefschetz thimbles are used as real cycles. The only difference is that we need to
remember about the Jacobian of the transformation J = det∂x
∂y
. After the change of variables we have:
Taµ =
∫
La
eµ(x(y))e
−W0(x(y))J(y)d5y (31)
Knowing the Taµ we compute the matrix M = T
−1T and obtain
Mµν = δµ,6−νγ
3(
µ
7
)γ2(
δ
7
) (32)
where δ(µ) = 2µ(mod7), 1 6 δ 6 6.
Now the result for the Ka¨hler potential on the complex moduli space is obtained:
e−Kc(φ1,φ2) =
6∑
µ=1
γ3(
µ
7
)γ2(
ν
7
)|σµ(φ1, φ2)|
2 (33)
where ν(µ) = 2µ(mod7), 1 6 ν 6 6.
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The case 1b. This Calabi-Yau family is defined as a hypersurface in the orbifold of the weighted
projective space P 43,2,7,2,7/Z21 by the equation
W0 + φ1e1 + φ2e2 = 0
W0 = x
7
1 + x
7
2x3 + x
3
3 + x
7
4x5 + x
3
5.
(34)
The complete basis in the chiral ring is given by six monomials
e0 = 1, e1 = x1x2x3x4x5, e2 = x
3
1x
3
2x
3
4, e3 = e
2
2, e4 = e2e3, e5 = e
2
2e3. (35)
Its Hodge numbers are h2,1 = 2, h1,1 = 95. There e1 and e2 define the complete set of deformations of
the complex structure.
The special Ka¨hler geometry in this case was computed in [14]. The result is as follows
e−Kc(φ1,φ2) =
6∑
µ=1
γ3(
µ
7
)γ2(
ν
7
)|σµ(φ1, φ2)|
2, (36)
where ν(µ) = 2µ(mod7), 1 6 ν 6 6.
As we see, the Ka¨hler potential in this case completely coincides with that obtained above for the
case 1a. Thus the two differently defined families 1a and 1b have the identical special Ka¨hler geometry.
This fact gives a hint of the equivalence of these two families.
3.2. The second pair
Here we introduce the second couple of CY families (we call them 2a and 2b). And here it also
turns out that these two families have the same special Ka¨hler geometry.
The case 2a. This Calabi-Yau family is defined as a hypersurface in P [4](97,53,35,37,25) by the
equation
W0 + φ1e1 + φ2e2 = 0,
W0 = x
2
1x2 + x
4
2x3 + x
6
3x4 + x
6
4x5 + x
6
5x1.
(37)
The basis in the chiral ring RQ consists of the following six monomials
e0 = 1, e1 = x1x2x3x4x5, e2 = x2x
2
3x
2
4x
2
5, e3 = e
2
2, e4 = e1e2, e5 = e1e
2
2. (38)
The Hodge numbers in this case are h2,1 = 2, h1,1, = 122. The monomials e1 and e2 define the set of
the complex structure deformations. After computations similar to those performed in the case 1a, we
obtain the expression for the Ka¨hler potential
e−Kc(φ1,φ2) =
6∑
µ=1
γ(
µ
7
)γ4(
ν
7
)|σµ(φ1, φ2)|
2, (39)
where ν = 3µ(mod 7), 1 6 ν 6 6.
The case 2b. This Calabi-Yau family is defined in P 47,2,2,2,1/Z
2
7 by the equation
W (x) = W0 + φ1e1 + φ2e2 = 0
W0 = x
2
1 + x
7
2 + x
7
3 + x
7
4 + x
7
5x1
(40)
The complete basis in the chiral ring is given by six monomials:
e0 = 1, e1 = x1x2x3x4x5, e2 = x
2
2x
2
3x
2
4x
2
5, e3 = e
2
2, e4 = e1e2, e5 = e1e
2
2. (41)
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Though it is not a loop polynomial the computation of the special geometry does not deviate from the
previous cases. Proceeding the same computations we find the expressions of periods which completely
coincide with the expression for the previous family
σµ(φ1, φ2) =
∑
n,m∈Σµ
(−1)n
Γ(3n−m+37 )
Γ(µ7 )
Γ4(n+2m+17 )
Γ4(ν7 )
φn1φ
m
2
n!m!
, (42)
Σµ = {n,m ∈ N0|3n −m− 4 = µ(mod7)}, ν = −2µ(mod7), 0 6 ν 6 6}. (43)
And the final result for the Ka¨hler potential on the complex moduli structures space is
e−Kc(φ1,φ2) =
6∑
µ=1
γ(
µ
7
)γ4(
ν
7
)|σµ(φ1, φ2)|
2, (44)
where ν = 3µ(mod7), 1 6 ν 6 6.
As we see, it completely coincides with obtained above for the case 2a. Thus the two differently
defined families 2a and 2b have the identical special Ka¨hler geometry. Therefore, as in the previous
case, we can expect the equivalence of these two families.
4. Coincidence of GLSM’s, corresponding to both CY fam-
ilies, in each of the pairs
In this part, we first recall the construction of [9,10] of the N = 2 GLSM model, which corresponds
to a given CY manifold defined as a hypersurface in some weighted projective spase. We find that
CY manifolds of the cases 1a and 1b, as well as the 2a and 2b, correspond to the same GLSM model.
Also in this section, we verify the JKLMR-conjecture [4].
The mirror version of the JKLMR-conjecture [21–24] states that the two-sphere partition function
ZY of the GLSM model, computed exactly by localization in [15,16], gives the exact Ka¨hler potential
on the moduli space of complex structures for the Calabi-Yau manifold X, which is the mirror of the
vacuum manifold Y of the GLSM
ZY = e
−KX
C . (45)
We build the GLSM using the fan associated with CY family Y . It is known [17] that the vectors
of the skeleton of the fan for the CY family Y , correspond to the vertices of the Batyrev’s polyhedron
for the CY family X, if X and Y are mirrors. Therefore, starting with the polynomial WX and the
Batyrev’s polyhedron which corresponds to it , we find a fan of the mirror CY manifold Y from it and
use this knowledge to construct the corresponding GLSM for Y , as was done in [9, 10, 25].
We find the polyhedron corresponding to the family X, determined by this polynomial, as follows.
We rewrite the polynomial WX = W0 +
h∑
l=1
φlea in the following form
W =
5∑
a=1
5∏
j=1
x
Vaj
i +
h+5∑
a=6
5∏
j=1
φsx
Vaj
j . (46)
Here we have 5× (h+5)-matrix Vai or, equivalently, h+5 five-dimensional lattice vectors Va. In fact,
they lie in the 4-dimensional sublattice, defined by the equation
5∑
i=1
Vaiki = d. (47)
Batyrev’s 4-dimensional reflexive polyhedron is defined as a convex hull of points Vai. The lattice
points Vai of this polyhedron are vectors that form the edges of the fan for the mirror family Y [3].
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Since the fan of the family Y consists of 5 + h five-dimensional vectors, between them there exist h
linear independent relations
QlaVai = 0, l = 1, h, a = 1, h+ 5, i = 1, 5. (48)
We have to find the such a set Qla that define an integral basis in the space of the linear relations
between the vectors Vai. As a result, we obtain h sets of charges of 5 + h chiral fields for the h U(1)
gauge groups which we use to determine the corresponding GLSM.
4.1. Cases 1a and 1b
The test of JKLMR hypothesis for these two cases can easily be reduced to a single computation.
For the family 1a the points of the Batyrev polyhedron have the following coordinates
v1 :
(
6, 1, 0, 0, 0
)
v2 :
(
0, 3, 1, 0, 0
)
v3 :
(
0, 0, 5, 1, 0
)
v4 :
(
0, 0, 0, 3, 1
)
v5 :
(
1, 0, 0, 0, 5
)
v6 :
(
1, 1, 1, 1, 1
)
v7 :
(
3; 0; 2; 0; 2
)
.
(49)
As for the 1b family, they are following
v1 :
(
7, 0, 0, 0, 0
)
v2 :
(
0, 7, 1, 0, 0
)
v3 :
(
0, 0, 3, 0, 0
)
v4 :
(
0, 0, 0, 7, 1
)
v5 :
(
0, 0, 0, 0, 3
)
v6 :
(
1, 1, 1, 1, 1
)
v7 :
(
3, 3, 0, 3, 0
)
.
(50)
Between these seven five-dimensional vectors, there must be two linearly independent relations with
integer coefficients. We have to choose the integral basis of the linear relations. That is, to choose two
such integer coefficients of linear relations Q1a, Q2a such that the coefficients of any integral relation
Q′a between the vectors va can be represented as:
Q′a = m1Q1a +m2Q2a, (51)
where m1,m2 ∈ Z.
We call Q1a, Q2a a Z-basis in the space of the linear integer relations. It is easy to see that the
Z-basis of these relations can be chosen similarly in both these cases:
Qlava = 0; l = 1, 2; a = 1, 2, 3, 4, 5, (52)
where
Q1a =
(
1, 0, 1, 0, 1,−1,−2
)
, Q2a =
(
0, 1, 0, 1, 0,−3, 1
)
. (53)
As a result we get two sets of the charges of 5 chiral fields for the two U(1) gauge groups of the
corresponding GLSM. Also we choose the R-symmetry charges [15, 16, 25] as
q1 = q3 = q5 =
2
7
q2 = q4 =
4
7
q6 = q7 = 0.
(54)
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Then the partition function of this sigma-model can be presented as the following expression dependent
on four real Fayet-Illiopoulos parameters [15, 16]
Z(r1, r2, θ1, θ2) =
∑
m1,m2∈Z
e−iθ1m1−iθ2m2
∫ ∫
dτ1
2πi
dτ2
2πi
e4pir1τ1+4pir2τ2×
×
7∏
a=1
Γ( qa2 +Q1a(τ1 −
m1
2 ) +Q1a(τ2 −
m2
2 ))
Γ(1− qa2 −Q1a(τ1 +
m1
2 )−Q1a(τ2 +
m2
2 ))
.
(55)
Now changing variables allows one to express four real parameters with two complex variables
z1 = exp
(
−
2π
7
r1 −
4π
7
r2 −
4πi
7
θ1 −
8πi
7
θ2
)
z2 = exp
(
−
6π
7
r1 +
2π
7
r2 −
12πi
7
θ1 +
4πi
7
θ2
)
.
(56)
Or more precisely
Z =
∑
m1∈Z
∑
m2∈Z
∫ ∫
dτ1
2πi
dτ2
2πi
Γ3(17 + (τ1 −
m1
2 ))
Γ3(67 − (τ1 −
m1
2 ))
Γ2(27 + (τ2 −
m2
2 ))
Γ2(57 − (τ2 +
m2
2 ))
×
×
Γ(−(τ1 −
m1
2 )− 3(τ2 −
m2
2 ))
Γ(1 + (τ1 +
m1
2 ) + 3(τ2 +
m2
2 ))
Γ(−2(τ1 −
m1
2 ) + (τ2 −
m2
2 ))
Γ(1 + 2(τ1 +
m1
2 )− (τ2 +
m2
2 ))
×
× z
−(τ1−
m1
2
)−3(τ2−
m2
2
)
1 z¯
−(τ1+
m1
2
)−3(τ2+
m2
2
)
1 z
−2(τ1−
m1
2
)+(τ2−
m2
2
)
2 z¯
−2(τ1+
m1
2
)(τ2+
m2
2
)
2 .
(57)
We compute this integral by the Cauchy theorem and obtain
Z =
∑
µ
∑
(n,m),(n¯,m¯)∈Σµ
z−n1 z
−m
2 z¯
−n¯
1 z¯
−m¯
2
Γ3(1+n+3m7 )
Γ3(1− 1+n¯+3m¯7 )
Γ2(2+2n−m7 )
Γ2(1− 2+2n¯−m¯7 )
(−1)n+m
n!m!n¯!m¯!
=
=
∑
µ
∑
(n,m),(n¯,m¯)∈Σµ
z−n1 z
−m
2 z¯
−n¯
1 z¯
−m¯
2
n!m!n¯!m¯!
sin3(
π
7
(1 + n¯+ 3m¯))sin2(
π
7
(1 + 2n¯ − m¯))×
× Γ3(
1 + n+ 3m
7
)Γ2(
2 + 2n−m
7
)Γ3(
1 + n¯+ 3m¯
7
)Γ2(
2 + 2n¯− m¯
7
) =
∑
µ
γ3(
ν
7
)γ2(
µ
7
)
∑
(n,m),(n¯,m¯)∈Σµ
(−1)m+n+m¯+n¯z−n1 z
−m
2 z¯
−n¯
1 z¯
−m¯
2 γ
3(
ν
7
)γ2(
µ
7
)×
× Γ3(
1 + n+ 3m
7
)Γ3(
1 + n¯+ 3m¯
7
)Γ3(
2 + 2n −m
7
)Γ3(
2 + 2n¯− m¯
7
) =
=
∑
µ
γ3(
ν
7
)γ2(
µ
7
)|σµ(−
1
z1
,
1
z2
)|2.
(58)
This can be rewritten as
Z =
∑
µ
γ3(
ν
7
)γ2(
µ
7
)|σµ(−
1
z1
,
1
z2
)|2 (59)
and after the change of variables, which connects coordinates on the complex moduli structures space
and Fayet-Illiopoulos parameters
φ1 = −
1
z1
, φ2 =
1
z2
, (60)
exactly coincides with the expression for e−Kc(φ1,φ2) obtained above. Here Kc(φ1, φ2) is the Ka¨hler
potential on the complex moduli spaces for the both CY manifolds of the first pair.
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4.2. Cases 2a and 2b
In the second pair, we again have two sets of the lattice points. The seven points in the case 2a
v1 :
(
2, 1, 0, 0, 0
)
v2 :
(
0, 4, 1, 0, 0
)
v3 :
(
0, 0, 6, 1, 0
)
v4 :
(
0, 0, 0, 6, 1
)
v5 :
(
1, 0, 0, 0, 6
)
v6 :
(
1, 1, 1, 1, 1
)
v7 :
(
0, 1, 2, 2, 2
)
(61)
and the seven points in 2b-case
v1 :
(
2, 0, 0, 0, 0
)
v2 :
(
0, 7, 0, 0, 0
)
v3 :
(
0, 0, 7, 0, 0
)
v4 :
(
0, 0, 0, 7, 0
)
v5 :
(
1, 0, 0, 0, 7
)
v6 :
(
1, 1, 1, 1, 1
)
v7 :
(
0, 2, 2, 2, 2
)
.
(62)
We again find that the integral basis of the linear relations can be chosen the same in both of these
cases
Qlava = 0; l = 1, 2; a = 1, 2, 3, 4, 5, (63)
where
Q2a =
(
1, 0, 0, 0, 0,−2, 1
)
, Q1a =
(
0, 1, 1, 1, 1,−1,−3
)
. (64)
We choose the R-symmetry charges
q1 = q2 = q3 = q4 =
2
7
, q5 =
6
7
, q6 = q7 = 0 (65)
and change the variables as follows
z2 = exp
(
−
4π
7
r2 +
2π
7
r1 −
8πi
7
θ2 +
4πi
7
θ1
)
z1 = exp
(
−
2π
7
r2 −
6π
7
r1 −
4πi
7
θ2 −
12πi
7
θ1
)
.
(66)
After that, for the partition function we get
Z =
∑
m1∈Z
∑
m2∈Z
∫ ∫
dτ1
2πi
dτ2
2πi
Γ4(17 + (τ1 −
m1
2 ))
Γ4(67 − (τ1 −
m1
2 ))
Γ(37 + (τ2 −
m2
2 ))
Γ(47 − (τ2 +
m2
2 ))
×
×
Γ(−2(τ1 −
m1
2 ) + (τ2 −
m2
2 ))
Γ(1 + 2(τ1 +
m1
2 )− (τ2 +
m2
2 ))
Γ(−(τ1 −
m1
2 ) + 3(τ2 −
m2
2 ))
Γ(1 + (τ1 +
m1
2 )− 3(τ2 +
m2
2 ))
×
× z
−3(τ1−
m1
2
)+(τ2−
m2
2
)
1 z¯
−3(τ1+
m1
2
)+(τ2+
m2
2
)
1 z
−(τ1−
m1
2
)−2(τ2−
m2
2
)
2 z¯
−(τ1+
m1
2
)−2(τ2+
m2
2
)
2 .
(67)
Taking the integral we get the following expression
Z =
6∑
µ=1
γ4(
µ
7
)γ(
ν
7
)|σµ(
1
z1
,−
1
z2
)|2. (68)
At last after changing the variables
φ1 = z
−1
1 , φ2 = −z
−1
2 , (69)
this expression again exactly coincides with the expression for e−Kc(φ1,φ2) obtained above for the Ka¨hler
potential on the complex moduli space for the both CY manifolds of the second pair.
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5. Batyrev’s polytopes and the coincidences of the CY fam-
ilies
In this section we are going to explain the found coincidence of the properties of the CY families in
the first and the second pairs of CY families using the Batyrev approach [11]. We construct reflexive
polyhedra corresponding to each family CY in the first pair, and it turns out that families 1a and 1b
define the same polyhedron. This is also true for the second pair. That explains the coincidence of
the CY families in both cases.
When constructing reflexive polyhedra, we follow the scheme presented in the previous chapter,
with a single modification. We know that the vectors va, where a = 1, ..., h21+5, forming the Batyrev
polyhedron obey the following relations
5∑
i=1
kivai =
5∑
i=1
ki := d. (70)
That is they lie in the same hyperplane, where the end of the vector vρ is located
vρ =


1
1
1
1
1

 . (71)
After shifting all vectors to the vector vρ: v˜a = va − vρ the polyhedron falls into a hyperplane that
contains the origin. Later in this section we will omit the tilde symbol.
The reflexive polyhedron ∆ corresponds to the polynomial WX and is formed as the convex hull of
the exponents va of the monomials that make up WX . If the CY family X is defined as a hypersurface
in a weighted projective space, then the vectors va can be written in the form of the linear combinations
with the integer coefficients of the vectors of the integral basis of the four-dimensional lattice M [17].
The lattice M defined by the equation
5∑
i=1
miki = 0 , where (m1,m2m3,m4,m5) are the integer points
belonging to the five-dimensional lattice Z5.
If the CY family is defined as a hypersurface in a quotient by a discrete group H of some weighted
projective space, then the vectors va should be written in the form of linear combinations with integer
coefficients of the vectors of the integral basis of the sublattice M/H of the lattice M . Below we
demonstrate the difference between these two situation.
To make sure that a certain set of vectors forms a basis in the lattice M that is the sublattice of
the Z5, defined by the equation
5∑
i=1
kimi = 0, (72)
where the ki are coprime numbers, we use the following criterion.
The four linearly independent vectors u1, u2, u3, u4 ∈M constitute a basis in M if and only if the
volume Volcell of the cell generated by the vectors u1, u2, u3, u4 equals to minimal possible non-zero
volume of the cell in M which is equal to |k| =
√
k21 + k
2
2 + k
2
3 + k
2
4 + k
2
5 . This volume is equal to the
module of the vector V
Volcell =
√
V 21 + V
2
2 + V
2
3 + V
2
4 + V
2
5 , (73)
if five components of the vector V defined as follows
Vj = ǫji1i2i3i4u1i1u2i2u3i3u4i4 . (74)
Since the vector k with components ki is perpendicular to any vector of the lattice M and the vector
V , the criterion can be reformulated as follows:
the four vectors u1, u2, u3, u4 constitute an integral basis inM if and only if the volume V ol(k, u1, ...u4)
generated by them and by the fifth "vector" k with the components ki satisfies the relation
V ol(k, u1, ...u4) = |k|
2. (75)
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5.1. Cases 1a and 1b
Consider the first pair of Calabi-Yau families. The first of them, 1a, is a hypersurface in
P 423,55,28,53,34, given by the equation
W1(x) = x
6
1x2 + x
3
2x3 + x
5
3x4 + x
3
4x5 + x
5
5x1 + φ1x1x2x3x4x5 + φ2x
3
1x
2
3x
2
5 = 0
.
The second is given by the equation
W2(x) = x
7
1 + x
7
2x3 + x
3
3 + x
7
4x5 + x
3
5 + ψ1x1x2x3x4x5 + ψ2x
3
1x
3
2x
3
4 = 0
in P 43,2,7,2,7/Z21, where the action of Z21 is defined by the formula
(x1, x2, x3, x4, x5)→ (ω
12x1, ω
2x2, ω
7x3, x4, x5) (76)
and ω21 = 1.
To construct Batyrev polyhedron, corresponding to the family 1a, we take the lattice M . It is
given by the equation 23m1 +55m2 +28m3 + 53m4 + 34m5 = 0 in Z
5 with mi . The lattice points of
the polyhedron in Z5 are
f1 :
(
5, 0,−1,−1,−1
)
f2 :
(
−1, 2, 0,−1,−1
)
f3 :
(
−1,−1, 4, 0,−1
)
f4 :
(
−1,−1,−1, 2, 0
)
f5 :
(
0,−1,−1,−1, 4
)
f6 :
(
2,−1, 1,−1, 1
)
.
(77)
If we try to choose the integral basis {ei}
4
i=1 in M as follows
ei = fi, i = 1, 2, 3, 4, (78)
or more explicitly as
e1 :
(
5, 0,−1,−1,−1
)
e2 :
(
−1, 2, 0,−1,−1
)
e3 :
(
−1,−1, 4, 0,−1
)
e4 :
(
−1,−1,−1, 2, 0,
)
(79)
then we find that this basis satisfies the above criterion. The lattice points vi of the polyhedron in
this basis are expressed as follows
v1 :
(
1, 0, 0, 0
)
v2 :
(
0, 1, 0, 0
)
v3 :
(
0, 0, 1, 0
)
v4 :
(
0, 0, 0, 1
)
v5 :
(
−1,−2,−1,−2
)
v6 :
(
0,−1, 0,−1
)
(80)
The convex hull of these six vertices {vi}
6
i=1 determines the polyhedron of the family 1a. It is
verified that the just built polyhedron is reflexive. Because it has the only point in its interior of this
polyhedron - the origin and the lattice points mi in its facets are subject of the equations
5∑
i=1
(nimi) = 1, (81)
where ni is a vector with four integral coprime components.
13
Now let us construct the polyhedron for the family 1b.In this case we have the lattice N that is
given by the equation 3m1+2m2+7m3+2m4+7m5 = 0 in Z
5. The lattice points of the polyhedron
in N are as follows
f ′1 :
(
6,−1,−1,−1,−1
)
f ′2 :
(
−1,−1, 2,−1,−1
)
f ′3 :
(
−1, 6, 0,−1,−1
)
f ′4 :
(
−1,−1,−1,−1, 2
)
f ′5 :
(
−1,−1,−1, 6, 0
)
f ′6 :
(
2, 2,−1, 2,−1
)
.
(82)
If here, as in case 1a, the family was defined by hyperspace in the weighted projective space, and not
in its orbifold, then the construction could be completed on this step. But it would turn out that the
corresponding polyhedron is not reflexive. Since, although there is a single point in the interior of this
polyhedron, its faces cannot be determined by the equations
5∑
i=1
(nimi) = 1, (83)
where ni is a vector with four integral coprime components.
Returning to the process of constructing a polyhedron of this family, we can answer the question
of why it leads to a non-reflexive polyhedron. The fact is that it is necessary to take into account
the difference between how families 1a and 1b are determined. The second is defined in the quotient
of the projective space by the group Z21. This also needs to be considered when constructing the
polyhedron. In fact, the polyhedron must be defined in the sublattice of the lattice N . This sublattice
N/Z21 is defined by the equations
3m1 + 2m2 + 7m3 + 2m4 + 7m5 = 0
12m1 + 2m2 + 7m3 = 0, mod 21.
(84)
To construct the reflexive polyhedron of family 1b, it is necessary to choose the integral basis in the
lattice N/Z21. We verify that the set of four vectors {f
′
1, f
′
2, f
′
3, f
′
4} is an integral basis in the sublattice
N/Z21.
First, each vector from the set {f ′1, f
′
2, f
′
3, f
′
4} satisfies the relation
12(f ′1)i + 2(f
′
2)i + 7(f
′
3)i = 0, mod 21. (85)
It is also necessary to verify that any vector of the sublattice N/Z21 can be represented as the sum of
vectors {f ′i}
4
i=1 with integer coefficients.
To do this, it is enough to show that the cell volume generated by the four vectors {f ′1, f
′
2, f
′
3, f
′
4} from
the N/Z21 sublattice is exactly 21 times larger than the volume of the cell formed by the basis of the
lattice N itself. This can be done as explained above
V ol(k, e1, e2, e3, e4) =


3 2 7 2 7
6 −1 −1 −1 −1
−1 −1 2 −1 −1
−1 6 0 6 0
−1 −1 −1 −1 2

 = 21 ∗ |k|
2 = 21 ∗ 115. (86)
Therefore, indeed, {f ′1, f
′
2, f
′
3, f
′
4} is an integral basis in this sublattice.
In this basis in N/Z21 the lattice points of the polyhedron have the following coordinates
v′1 :
(
1, 0, 0, 0
)
v′2 :
(
0, 1, 0, 0
)
v′3 :
(
0, 0, 1, 0
)
v′4 :
(
0, 0, 0, 1
)
v′5 :
(
−1,−2,−1,−2
)
v′6 :
(
0,−1, 0,−1
)
.
(87)
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Thus, polyhedra of the families 1a and 1b indeed coincide.
5.2. Cases 2a и 2b
In this part also two Calabi-Yau families are considered. The first is given in P 497,53,35,37,25 by the
equation
W1(x) = x
2
1x2 + x
4
2x3 + x
6
3x4 + x
6
3x5 + x
5
6x1 + φ1x1x2x3x4x5 + φ2x2x
2
3x
2
4x
2
5 = 0.
The second is given in P 43,2,7,2,7/Z
2
7 by the equation
W2(x) = x
7
1 + x
7
2x+ x
7
3 + x
7
4 + x
2
5x1 + ψ1x1x2x3x4x5 + ψ2x
2
2x
2
3x
2
4x
2
5 = 0,
where the action of Z27 is defined as
(x1, x2, x3, x4, x5)→ (x1, ω
−1
1 x2, ω1x3, ω
−1
2 x4, ω2x5). (88)
The polyhedron of the family 2a is built like a polyhedron of the family 1a:
f1 :
(
1, 0,−1,−1,−1
)
f2 :
(
−1, 3, 0,−1,−1
)
f3 :
(
−1,−1, 5, 0,−1
)
f4 :
(
−1,−1,−1, 5, 0
)
f5 :
(
0,−1,−1,−1, 5
)
f6 :
(
−1, 0, 1, 1, 1
)
.
(89)
The set of four vectors {ei}
4
i=1, ei = fi, i = 1, .., 4 is a basis in the lattice M = {(m1, ...,m5)|97m1 +
53m2 +35m3 +37m4 +25m5 = 0}. Then the polyhedron has the following lattice points in this basis
v1 :
(
1, 0, 0, 0
)
v2 :
(
0, 1, 0, 0
)
v3 :
(
0, 0, 1, 0
)
v4 :
(
0, 0, 0, 1
)
v5 :
(
−1,−1,−1,−3
)
v6 :
(
0, 0, 0,−1
)
.
(90)
In the case 2b the family is defined in the orbifold P 47,2,2,2,1/Z
2
7 and the Z7×Z7-action on the weighted
projective space is given by the formula
(x1, x2, x3, x4, x5)→ (x1, ω
−1
1 x2, ω1x3, ω
−1
2 x4, ω2x5),
ω71 = ω
7
2 = 1.
(91)
Now the construction is similar to case 1b. To build the polyhedron it is necessary to consider the
lattice N = {m ∈ Z5|7m1 +2m2 +2m3 +2m4+m5 = 0}. The lattice points of the polyhedron are as
follows
f ′1 :
(
1,−1,−1,−1,−1
)
f ′2 :
(
−1, 6,−1,−1,−1
)
f ′3 :
(
−1,−1, 6,−1,−1
)
f ′4 :
(
−1,−1,−1, 6,−1
)
f ′5 :
(
0,−1,−1,−1, 6
)
f ′6 :
(
−1, 1, 1, 1, 1
)
.
(92)
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To construct the polytope we need to choose a basis in the sublattice N/Z27. This sublattice can be
given by equations
7m1 + 2m2 + 2m3 + 2m4 +m5 = 0,
m2 −m3 = 0 mod 7,
m4 −m5 = 0 mod 7.
(93)
Now we have to find the set of the four vectors {ei}
4
i=1 that generates the sublattice N/Z
2
7.
Each vector from the set {f ′a}
6
a=1, a = 1, ..., 6 satisfies two relations:
(f ′a)2 − (f
′
a)3 = 0 (mod 7)
(f ′a)4 − (f
′
a)5 = 0 (mod 7).
(94)
It is necessary now to make sure there is no other relation which satisfy these vectors. It is possible to
show that volume of the cell generated by four vectors {f ′1, f
′
2, f
′
3, f
′
4} is precisely 49 times bigger than
the volume of the cell which forms a basis in the sublattice N . It follows from the equation
V ol(k, f ′1, f
′
2, f
′
3, f
′
4) =


7 2 2 2 1
1 −1 −1 −1 −1
−1 6 −1 −1 −1
−1 −1 6 −1 −1
−1 −1 −1 6 −1

 = 7
2 ∗ |k|2 = 49 ∗ 62. (95)
It means that these four vectors give the integral basis of N/Z27. Choosing this basis in N/Z
2
7 we
represent the six lattice points of the polytope in this basis as
v′1 :
(
1, 0, 0, 0
)
v′2 :
(
0, 1, 0, 0
)
v′3 :
(
0, 0, 1, 0
)
v′4 :
(
0, 0, 0, 1
)
v′5 :
(
−1,−1,−1,−3
)
v′6 :
(
0, 0, 0,−1
)
.
(96)
So, once again, we see that the polyhedra of the families in the pair coincide. This provides an
explanation of the coincidences of the Calabi-Yau families themselves.
Conclusion
We examined two cases of coincidence of special geometries on moduli spaces and GLSM for the
CY manifolds defined differently. We found that Batyrev’s reflexive polyhedra for such CY-manifolds
also coincide, which is consistent with the coincidences of the special geometries on moduli spaces. It
would be interesting to understand how many different ways there are to build the same Calabi-Yau
family from the Berglund-Hubsch list in a more general case.
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